Proof Strategy for Sentential Logic

When doing a proof in SL, you are first presented with some sequent, say:

P( ~Q, (R&~Q)( ~S  ├  P((R(  ~S)

A sequent presents a list of premises separated by commas on the left of a turnstile (├) and then the conclusion on the right of that turnstile.  The first thing that you should always do in proving a sequent is start by assuming the premises that you are given and then writing your goal at the bottom of your proof giving yourself plenty of space.  

You should always work both bottom-up and top-down.  I usually start with the bottom but either order works just fine.

BOTTOM UP:


If your goal is a conditional, you should assume its antecedent and try to prove its consequent.  If you can do this, then you can use (I to get the conditional.  This consequent now becomes your new goal and you should go through this list again.

If your goal is a conjunction, you should attempt to prove each conjunct separately and then put them together with &I.  Each conjunct is now a new goal and you should go through this list again.

If your goal is a disjunction, if you are lucky you might be able to prove one of the disjuncts and then use vI, but this is not common.  For now, proceed to working Top-Down.

If your goal is an atomic sentence (single letter) or the negation of an atomic sentence, it is not obvious which rule you will use to get this.  Proceed to working Top-Down.
TOP DOWN:

Look at the main connective of each of your sentences.  This should tell you what you are eventually going to do.  See if you can do any of those now.


If you have a conditional, you will use either (E or MT.  (E if you also have the antecedent, MT if you have the denial of the consequent.


If you have a conjunction, you will use &E.  This you can always do immediately.  Also, if you can do it once, you can do it twice inferring each of the conjuncts.


If you have a disjunction, you will use vE once you have the denial of one of the disjuncts. 


If you have a negation, check the main connective of the unnegation of the sentence (what is the main connective after the negation).  If you have the negation of a negation, use DN to drop both negations.  If you have the negation of a conjunction, or the negation of a disjunction, use DeM to simplify it.  If you have the negation of a conditional, use NegCon to simplify it.


If you have an atomic sentence or the negation of an atomic sentence, you will have to use it in combination with some other sentence.

RAA:

If your goal is a disjunction, an atomic sentence or its negation, and you cannot make any progress working Top-Down, try getting your goal using RAA. To do this, assume the denial of your goal (add or drop a negation) and attempt to prove a contradiction.  Since any contradiction will do, proceed to working Top-Down.

If you are inside an RAA and you are trying to prove a contradiction and you don’t know what your goal is, and you can’t see any way to proceed Top-Down, as a last resort, try assuming an atomic sentence (or its negation) that looks like it will easily lead you to a contradiction.  Once you do this, use RAA to infer the negation of this atomic sentence and repeat the Top-Down strategy.  It is a guarantee that at least one of these letters (or combination of them) will lead to a contradiction by simply following the above rules.  
For example, if what you have includes P( ~P then you should assume P, get ~P by (E and then get ~P by RAA.  Now you have something more to work with.

